Abstract. For any compact p-adic Lie group G, the Iwasawa algebra Ω G over finite field Fp is a complete noetherian semilocal algebra. It is shown that Ω G is the dual algebra of an artinian coalgebra C. We induce a duality between the derived category D b f g ( Ω G M ) of bounded complexes of left Ω G -modules with finitely generated cohomology modules and the derived category D b qf ( C M ) of bounded complexes of left C-comodules with quasi-finite cohomology comodules.
C M ) des complexes bornés de C-comodules à gauche dont leurs comodules de cohomologie sont quasi-finis.
Introduction xxsec0
In the recent years, there has been an increasing interest in the noncommutative Iwasawa algebras of compact p-adic Lie groups. The main motivation to study the Iwasawa algebras Λ G and Ω G of a compact p-adic Lie group G is due to their connections with number theory and arithmetic algebriac geometry (see [6] , [7] , [8] , [12] , [18] , [19] , [20] ). Throughout, let p be a fixed prime integer, Z p be the ring of p-adic integers and F p be the field of p elements. Given a compact p-adic Lie group, the Iwasawa algebra of G over Z p is the completed group algebra
where the inverse limit is taken over the open normal subgroups N of G. Closely related to Λ G is the Iwasawa algebra of G over Z p , which is defined as
It is well-known that Λ G and Ω G are complete noetherian semilocal algebras and are in general noncommutative. These algebras associated with certain topological setting were defined and studied by Lazard in his seminal paper [11] at first. We would like to point out that the Iwasawa algebras Λ G and Ω G , despite its great interest in number theory and arithmetic, seems to have been neglected as two concrete examples for the application of noncommutative methods. Some papers are specially contributed to the ring-theoretic (or module-theoretic) and homological properties of Iwasawa algebras (see [2] , [3] , [4] , [7] , [16] , [17] , [19] , [21] ). We refer to [2] and [11] for the basic properties of Λ G and Ω G .
Let G be a compact p-adic analytic group and N be a closed normal subgroup of G. Passman in [13] showed us that if R = S * G is a crossed product of a ring S with a finite group G, then J(S) * G is contained in J(R). Thus the augmentation ideal
is also finite dimensional, being a quotient of Ω G /w N,G . In this situation, we say that Ω G has cofinite Jacobson radical. Heyneman and Radford [10] observed that any noetherian complete algebra A with cofinite Jacobson radical is the dual algebra of an artinian coalgebra C. Therefore we conclude that for any compact p-adic analytic group G, the Iwasawa algebra Ω G is the dual algebra of an artinian coalgebra C (see Propsotion 1.1 and Corollary 1.2).
The main purpose of this article is to describe certain duality properties between the category of Ω G -modules and the category of C-comodules.
The Main Results
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Let us first recall some basic definitions and existing facts. A subspace W of a vector space V over a field K is called cofinite in V , or simply cofinite, when the quotient space V /W is finite dimensional.
Let A be an algebra over a field K and M be an A-module. M is said to be almost noetherian if every cofinite submodule of M is finitely generated. A is called left almost noetherian if it is almost noetherian as a left A-module, i.e., every cofinite left ideal of A is finitely generated. A is an almost noetherian algebra if A is both left and right almost noetherian. We refer the reader to the reference [10] for basic properties of almost noetherian modules and those of almost algebras.
Some topological preliminaries are necessary for our later work. Suppose that V is a vector space over a field K. We will regard the dual space V * of al1 linear functionals on V as a topological vector space with the weak- * topology; that is, V * is given the least fine topology such that the vectors of V induce continuous functionals (where we regard V as embedded in V * * and give the discrete topology to the scalars k). The closed (respectively, open) linear subspaces of V * are then the annihilators W ⊥ of arbitrary (respectively, finite-dimensional) subspaces W of V .
Let A be an algebra over a field K. If I is a subspace of A, then
Recall [15, Section 6] that
A 0 = I ⊥ | I runs over the cofinite ideals of A inherits a natural coalgebra structure from the transpose of the algebra structure map A A −→ A. Now let C be a coalgebra. If M is a finite dimensional C * -module and π : C * −→ End M is the corresponding algebra map, then
Since we have seen in [10, Lemma 1.2 (b)] that a cofinite subspace I of A is closed when I ⊥ , the annihilator of I in A * , is actually contained in C, it follows that M is a rational A-module when I M = Ker π is closed in A.
Let C 0 be the sum of the simple subcoalgebras of a coalgebra C. We inductively define an increasing coalgebra filtration by
C is said to be finite type when C 1 = C 0 ∧ C 0 is finite dimensional. This proposition means that any complete noetherian algebra A with cofinite Jacobson radical is the dual algebra of an artinian coalgebra C. Moreover, the artinian coalgebra C is of finite type. We will now apply the above results to the Iwasawa algebra Ω G , which is our work context. Let C be the dual artinian coalgebra of the Iwasawa algebra Ω G . ΩG M denotes the category of left Ω G -modules and Rat( ΩG M ) denotes the subcategory of ΩG M consisting of all rational left Ω G -modules. It is well known that the abelian category
M
C of right C-comodules is equivalent to the abelian category Rat( ΩG M ). Furthermore, Rat( ΩG M ) is closed under submodules, quotients and arbitrary direct sums. In the sense of [14] , it is an hereditary pretorsion class in ΩG M .
For the the dual artinian coalgebra C of Ω G , C C is an injective object in M C , or equivalently, ΩG C is an injective object in Rat( ΩG M ). In general, ΩG C is not injective in ΩG M . But, we have the following result (see [5, Section 9.4] 
The injective hull of a rational left Ω G -module is rational.
Throughout this section C is always a left and right artinian coalgebra. Let A and B be two algebras with its opposite algebras A
• and B
• . Let A E B be an (A, B)-bimodule. We say that E induces a Morita duality between A and B if
(1) A E and E B are injective cogenerators in the categories of left A-modules and right B-modules, respectively; (2) the canonical ring homomorphisms A → End E B and B
• → End A E are isomorphisms. In this case we say that A is left Morita and B is right Morita, and that A is Morita dual to B (or A and B are in Morita duality). If A = B, then A is Morita self-dual, or has a Morita self-duality. We refer to [1] and [24] for some basic properties of a Morita duality.
For the dual coalgebra C of the Iwasawa algebra Ω G , let us consider the Ω Gbimodule ΩG C ΩG . We easily observe that End( ΩG C) ∼ = Ω • G and End(C ΩG ) ∼ = Ω G . Moreover, if C is both left and right artinian, then ΩG C and C ΩG are both injective cogenerators by Proposition 1.3. It follows from [1, Theorem 24.1] that the Ω Gbimodule ΩG C ΩG defines a Morita duality. Let ΩG R (resp. R ΩG ) be the subcategory of ΩG M (resp. M ΩG ) consisting of ΩG C ΩG -reflexive modules. Thus we obtain a duality
Let ΩG M f g be the category of all finitely generated left Ω G -modules and C M qf be the category of all quasi-finite left C-comodules. Since the Iwasawa algebra Ω G is noetherian and semiperfect, we get gl. dim C = gl. dim Ω G by [9, Proposition 3.4] . Applying this fact and the duality (♣) yields 
For any left Ω G -module ΩG M , there is a right Ω G -module morphism:
If M is a finitely generated Ω G -module, then the right Ω G -module Hom ΩG (M, C) is actually a rational Ω G -module. Moreover, if we look on Hom ΩG (M, C) as a left C-comodule, then it is a quasi-finite comodule. Hence the image of η M is contained in Rat(M * ). Therefore we have a natural transformation:
of functors from ΩG M f g to C M qf .
xxsec1.5
Lemma 1.5. The above transformation η is a natural isomorphism.
If ΩG M is a finitely generated free module, then η M :
is obviously an isomorphism. For a general finitely generated module M , M is finitely presented since Ω G is noetherian
The statement follows from the following commutative diagram:
Let A be a noetherian algebra with Jacobson radical J such that A 0 = A/J is finite dimensional. Let A M be an A-module. An element m ∈ M is called a torsion element if J n m = 0 for all n ≫ 0. Let us set Γ(M ) = { m ∈ M | m is a torsion element }. Then Γ(M ) is a submodule of M . In fact, we obtain an additive functor
by sending an A-module to its maximal torsion submodule. Clearly, Γ is a left exact functor. The functor Γ has another representation Γ(M ) = lim − → Hom A (A/J n , M ). We use Γ
• to denote the torsion functor on the category of right A-modules. Now let C be the dual coalgebra of Iwasawa algebra Ω G , and let Rat : ΩG M −→ ΩG M be the rational functor. Since C is artinian, every finite dimensional Ω G -module is rational by [10, Proposition 3.1.1 and Remarks 3.1.2]. Therefore, for a left Ω Gmodule, it follows that Rat(M ) is the sum of all the finite dimensional submodules of M . It should be remarked that the Jacobson radical J = C ⊥ 0 and C 0 is finite dimensional. Thus Γ(M ) is also the sum of all the finite dimensional submodules of M . Hence Γ(M ) ∼ = Rat(M ). This gives that the functor Γ is naturally isomorphic to the rational functor Rat. In what follow, we identify the right derived functor RΓ with RRat.
Let C be the dual coalgebra of the Iwasawa algebra Ω G . Then Soc(C) is finite dimensional. This implies that there are only finitely many non-isomorphic simple right (or left) C-comodules. If C M is quasi-finite, then Soc(M ) is finite dimensional. Thus C M is finitely cogenerated. This means that C M qf is a thick subcategory of
, the derived category of bounded below complexes of left C-comodule with quasi-finite cohomology comodules, is a full triangulated subcategory of 
By the fact that C is artinian, we know that D
). In view of Proposition 1.4 we obtain the following duality
Applying Lemma 1.5 we easily verify that the composition 
It is enough to show that RΓ
Since Ω G is noetherian and complete with respect to the J-adic filtration, the Jacobson radical J of Ω G satisfies Artin-Rees condition. Applying [9, Theorem 3.2] yields that the injective envelop of a J-torsion module is still Jtorsion. Now M * is a J-torsion module. Thus we have an injective resolution of M * with each component being J-torsion.
Conslusion xxsec2
It is well-known that there is an informal idea in the theory of derived categories of coalgebras: 'the derived category associated to a coalgebra keeps the homological relevant information, so if two coalgebras have equivalent derived categories, they should have isomorphic cohomology'. In view of the beautiful structure and properties of the Iwasawa algebra Ω G , C as the dual artinian coalgebra of Ω G should have elegant properties which build stable basis for the further study of derived categories of bounded complexes of C-comodules. 
